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As a result of their work on the properties of p-solvable groups, P. Hall 
and G. Higman were led to pose the following question [2]: 
(0.1) “If p is odd and not a Fermat prime, is it true that every p-soluble 
group of p-length 1 has subgroups H and K such that K is normal in H, and 
the factor group H/K is isomorphic with a Sylow p-subgroup of the symmetric 
group on p1 letters ?” 
The answer to this question is no. For any odd prime p, we shall exhibit 
a class of p-solvable groups of p-length 3 having no such subgroups H, K. 
1. PRELIMINARY LEMMAS 
Our group will be the fifth term of a chain of groups 1 = G,, C Gr C *a. 
satisfying: 
(1.1) For each i > 1, Gi has an elementary abelian normal q&group 
Hi # 1, such that Gi = G,-,H, , and G,-l operates faithfully and irreducibly 
on Hi by conjugation. 
In this section we collect some lemmas useful for the construction and 
study of such a series. 
First notice that the faithful operation of G,-i on Hi implies: 
G,elnH, = 1, i = 1, 2, . . . . (l.la) 
So Gi is merely the split extension of Hi by G,-i . Hence if we are given 
a chain 1 =G,,CG,C..* C G, satisfying (l.l), and wish to extend it to 
G 9z+1, we need only construct a faithful,l irreducible module over the group 
ring GF(qn+J P%l - 
1 Of course, “faithful” means “faithful for G,,“, not “faithful for the ring.” 
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To construct such a module, we use the following lemmas, in all of which 
1 = G, C ... C G, is a sequence satisfying (1. I), with n ,, 0: 
(1.2) LEMMA. H,, is the only minimal normal subgroup of G,, . 
Proof. Since G,, -1 operates irreducibly on H,, , the latter is a minimal 
normal subgroup of G. If  K is any normal subgroup not containing H, , 
then K n H, = I. So K N K . H,,JHT2 is faithfully represented on H, by 
conjugation. But [K, I-J,] C K n H,, - I. Hence K -7 1. 
(1.3) COROLLARY. The only chief series of G,, is 
I C H,, C H,, . H,-, C ... C H,, . H,,+, . . . . * HI = G, . 
(1.4) COROLLARY. Let A’ be any G,-module on which H,L acts nontrivially. 
Then .A? is a faithful G,-module. 
(1.5) LEMMA. Let X be a linear character of H, into some$eld k. Suppose 
that the centralizer C of X in G, has the property that (C : H,) is relatively 
prime to qn . Then there is a unique linear character x ?f C into k satisfying: 
X iHn = h (1.6a) 
X(x) = I, for an-y q,‘-element x ?f C. (1.6b) 
PYOOf. C normalizes the kernel K of X. And: [C, H,] C K. So C/K must 
be a direct product (HJK) x L, where j L I = (C : H,) is relatively prime 
to ql, . Define x by the chain of natural maps: 
C -+ C/K = (H,,!K) x L p+ H,/K L k. 
Obviously x satisfies (I .6). 
Notation. Given any linear character x of a group G into a field k, let 
M(x) denote a one-dimensional k[G]- module having x as its character. 
(1.7) LEMMA. Let A, x and k be as in Lemma 1.5. Then the induced 
k[G,] -module .&(A) 1 ‘n is irreducibze. 
Proof. H, is normal in G, . So (1.6a) implies: 
(1.8) 
where g runs over coset representatives for C in G, . The characters h” 
are all distinct. So any k[HJ-submodule of C @d(P) must be a sum of 
various &(XO)‘s (and not just isomorphic to such a sum). 
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Suppose .N is a nonzero K[G,]-submodule of .M(X)IG*. Then the image 
of N under the isomorphism (1.8) contains at least one A(P). Since G, 
permutes the corresponding subspaces of JY(X)I’JL transitively, .N must 
contain them all. So A’- = &$)I”%. 
2. THE CONSTRUCTION 
We shall construct groups 1 = GO C GI C **a C G5 satisfying (1.1). The 
primes ql , . . . . q5 will be chosen as follows: 
91 = 43 = 45 = P9 an odd prime (2.la) 
42IP--l (2.lb) 
Plq4-1. (2.lc) 
Evidently q2 and q4 can always be found once p is given. 
G, = HI must be a cyclic group of order p. Evidently 1 = GO C GI 
satisfies (1.1). For the further steps in the construction we need only provide 
faithful, irreducible GF(qll+r)[G,]-modules A%‘~,~ , for n = 1,2, 3,4. 
Let e be the smallest positive integer such that q; = 1 (modp). For &V2 
we take the additive group of GF(qYJ on which a generator of Gr operates as 
multiplication by a primitive pth root of 1 in GF(qi). Clearly -k; is a faithful 
irreducible GF(q,)[G,]-module. 
Because of (2.lb), there is a nontrivial character A3 of H2 into GF(p). 
Clearly H, = CG2(A3). So Lemma 1.7 tells us that: 
“-dl = diqh,) / G, (2.2) 
is an irreducible GF(p)[GJ-module. H, operates nontrivially on A3. SO 
Corollary 1.4 implies that A3 is faithful. 
From (1.8) we know the structure of H, as an H,-group. Using the chain 
of natural maps: 
and an isomorphism of A’(h3)+ into the multiplicative group of GF(q,) 
(which exists by (2,lc)), we construct a nontrivial character A, of H3 into 
GFkJ. 
Let C = CoB(A4). By construction C n H, is precisely the kernel of A3 . 
Since e > 1, this is a nontrivial subgroup of H, . I f  C n G, contained any 
element not in H2 , it would contain a conjugate of GI . But any such conjugate 
would act irreducibly on H, , and could not leave C n H2 invariant. Hence 
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CnGG,=Cn~H,.So(C:H,)=((CnH,).H,:H,)=iCn~H,I=q~-l 
is relatively prime to q3 = p. 
Now Lemmas 1.5 and 1.7 apply, giving us an irreducible GF(q,)[G,]- 
module JZ~ =: JZ(x,)iG4. By construction, H, operates nontrivially on A*. 
So Corollary 1.4 implies that Ja is faithful. 
Let f  be the smallest positive integer such that pf = 1 (mod q4). Define 
the character & on Hq to K = GF(pf) by: 
where X is an isomorphism of 4(X,)+ into the multiplicative group of k. 
Since G, N G,/H, is a p, q,-group, and q4 # p, q2, the conditions of 
Lemma 1.5 are satisfied. So Lemma 1.7 gives us an irreducible k[G,]-module 
Aif == A(&J j”p. Let JZZ, JY’, A”, . . . be a complete set of distinct conjugate 
modules over k[G,] (where the conjugation leaves only GF(p) fixed). Then 
there is an irreducible GF(p)[G,]-module &5 satisfying: 
As @ k ‘v c/h’ @ e/H’ EJ . . . . as k[G,]-modules. (2.4) 
Since Ej4 operates nontrivially on k’, it operates nontrivially on ?/r,. AS 
before, Corollary 1.4 implies that &j is faithful. 
3. THE STRUCTURE OF SYLOW SUBGROUPS 
First we consider a Sylow p-subgroup of G, : 
(3.1) PROPOSITION. We adopt the notation of Section 2. Then G, has 
a p-Sylow subgroup S with the following structure: 
(3.2a) S = HI . H, 9 H5. 
(3.2b) HI is cyclic of order p, normalizing both H, and H5. 
(3.2~) H, is elementary abelian of order pp, normalizing H5 . 
(3.2d) HI n H, == 1 and HI operates regularly on H3 by conjugation. 
(3.2e) H5 is elementary abelian and HI . H3 n H5 = 1. 
(3.2f) r]:xT= l,forallxEH,. 
TEH3 
Proof. By (l.l), Ii, normalizes H, and H, , and H, normalizes H5. 
Hence HI . H, . H5 is a subgroup of G, . From (2.1), we see that it is a 
Sylow p-subgroup. So (3.2a) holds. 
By construction H, = G, is cyclic of order p. So (3.2b) holds. 
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Definition (2.2) implies that 1 iYs 1 = pp, and that HI operates regularly 
on H3 by conjugation. By (l.la), HI n H3 is 1. So (3.2~) and (3.2d) hold. 
(3.2e) is implied by (1.1) and (l.la). 
The critical fact is (3.2f). This is equivalent to: 
27(m) =Q,forallmE~~. 
TEH3 
In view of (2.4), this is equivalent to: 
2 r(m) = 0, for all m E A!. 
TEHQ 
(3.3) 
We need only prove (3.3) for a set of m spanning J#. To form such a set, 
we use (1.8). Let fiO be a generator for &(A:), and let m, be the corresponding 
element of A. It is evident from (2.3) that C,*(Xg) n H3 = [C,&(h,) n HJ’ = 
Ker(h$, provided that D is chosen from Gs (which is always possible). But 
Ker(h,)” has order pp-1. Hence: 
r(m,) = P-l - 171, = 0 in .A. 
TeKer(,qO 
So we certainly must have (3.3) for m = m,, . The nt,‘s span A. So (3.3) 
holds in general. 
We also need some information about a Sylow p-subgroup C of the 
symmetric group on p3 letters. 
(3.4) PROPOSITION. Z has subgroups & , Z3, &. satisfying: 
(3.5a) .?Y = Z; * C3 - Z; . 
(3.5b) ZI is cyclic of order p, normalizing both Z3 and Zb . 
(3.5~) Z3 is elementary abelian of order pp, normalizing ZS . 
(3.5d) ZI n Z; = 1 and ZI operates regularly on -C, by conjugation. 
(3.5e) .ZS is elementary abelian of order pp’““, and ZI * Z3 n ,ZG = 1. 
(3.5f) 2, - Z3 operates regularly on .ZS by conjugation. 
Proof. All these properties follow immediately from the fact (see [I]) 
that Z is the wreath product .Z,l Z, 1 Z, of three cyclic groups of order p. 
(3.6) LEMMA. Z; is the only maximal normal abelian subgroup of Z. 
Remark. This is not true if p = 2. 
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Proof. Zs is a normal abelian subgroup of .Z by (3Sb. c, e). Let A be 
any normal abelian subgroup. Then [A, ZJ 2 A. Hence [A, [A, &I] = 1. 
So the minimal polynomial of the transformation on Ej induced by conjuga- 
tion by an element of A must divide (X - 1)2. On the other hand, (3.5f) 
implies that the corresponding minimal polynomial for any element of Z 
not in Z; is divisible by (X - l)P. S ince p 3 3, we conclude that A 2 Zs. 
4. THE NONEXISTENCE OF H,K 
Now we can demonstrate that G, answers the question (0.1). 
(4.1) THEOREM. G, is p-solvable of p-length 3. It does not contain any 
subgroups H, K such that K is normal in H and H/K is isomorphic to Z. 
Proof. By Corollary 1.3, G, has only one chief series, whose factors are, 
in order, H1, Ht, H3, H4, H5. Since H1 , H, , H5 are p-groups, while 
H, , H4 are p’-groups, it is clear that Gj is p-solvable of p-length 3. 
Suppose the above groups H, K did exist. We may assume that H is 
contained in the p-Sylow subgroup S of G, . Let 4 be a homomorphism of 
H onto 2 having K as its kernel. 
H5 is a normal abelian subgroup of S. Hence $(I{ n NJ is a normal 
abelian subgroup of+(H) = Z. From lemma 3.6, we conclude that: 
On the one hand: 
+(H n H5) C z;. (4.2) 
HIH~\H,NH.H,IH,CSIH,~H,.H,. (4.3) 
On the other: 
H/H n H5 --L H/K(H n HJ E~(H)/$(H n H5) -+ Z/Zj ‘v 2, . & (4.4) 
where all homomorphisms are onto. But (3.2b, c) and (3.5b, c) tell us that 
H1 . H3 and .Zr . Za both have order p l+p. So equality holds in (4.2) and (4.3), 
and the homomorphisms in (4.4) are all isomorphisms. 
By (3Sf) there must be an element o5 of Es satisfying: 
rI UjT # 1. 
TEZ,‘Z, 
(45) 
Since equality holds in (4.2), there is an element h, in H5 satisfying: $(h5) = 05. 
For each r E .Zr . 2, , choose an element T’ in H satisfying $(T’) z 7. Then 
(4.5) implies: 
(4.6) 
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The elements T’ are coset representatives of 4-r(.Z’r,) = K * (H n H5) in H. 
Since the first homomorphism in (4.4) is an isomorphism, K * (H n H5) = 
H n H5 . So the T’ are coset representatives of H5 in H - H5 . But equality 
holds in (4.3). Hence the T’ are coset representatives of H5 in S. We conclude 
that: 
By (3.2f) the last product is 1. This contradicts (4.6), and proves the 
theorem. 
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